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Turtroduction
Th 2047 , Golotto and Rap\éo'tk ntvoduced o %aw\',(g

N c,
\V o yartex. cx(%ebvag Z: N;E[\l called Y. oLloa,o_A,, ras

astocated to interfaces of GL-twisted N:c{.
N5 N2 Supersymmetric qoaude +heories .

The}g‘. comb-ed-uvepl the "\‘Y"(o-er"‘“{(— oF \(—a(advms,
namely_,

\{24,27_,25 =Y ¢y . Eat, Eacy

VreS
N'\,NQ_,Ng ¢ >

Neeo. Ne@ Nt

Th 2029, the +riality was partially proven by Creut2iq and Linshaw,
when one of the indices NiNoand Ni is dien by O.

This was o qonerlization of-

Coser relizsion: WECLL) & Com (UML), VLD ® Ly . Ty — o =1

e wh(dl) = WHEL) |, e (e =1



In gonerod, the 4ricdity o5 Y-algebra s expected 4p be reloted
with. - W-algebras agsoCiated with A-type L superalaebras .

The First step toward the dviality would be Ido's conjecture

T4o's conjecture (1a94) For @+ —1,

L
Wkté\m—bﬂ[n) = COV‘&(_\I&_:!(\(%[V\); \/N:/t(g\m-'l))
where  (eA) (Lenc) = 1.

I+ was prwven in my recent collaborotion with
Creutzid., Linshaw, Kovalchuk and Suly .

In his 4alk,
@ Undarstaud the statement of Tdo's comjecture

® RHS Y GKO constvuction and it Supergymm etric avxa\o%,
@) LHS, connection with WR(2(pma(n)
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\N%@\nulm) 8 defined by the quantum Komibonion  vieducHon

of \Ie'cﬁ\n—(-'ﬂvn') a(m’l%- Fp'rimJ
Com")ecr\—mm\l!g_ & Cordawm Huncokion of affive h angion .
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Ae a vertex algeova, \N%(é\nﬂ\@ has &ree 4 enaxratore

,,g w(lw | ac Ker (aa\Fpm)v(
EX""@V‘.& F’Pﬁh 10 an §l)_"“\'V'ZP(e (_E,H, me) Célm—,”y\ CU/'A

er,c:oW\PoSe, §\M.4|y\ inty &, —rreducible modules
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Then V\/&(ﬁ‘wm\ o Vorrex algdbve Aveely denevated by
W), wl) ., weg), Wl ),



wk Glaaw) & Com WV 6‘-—1((. ) \, =, )

I o verdex algdoven V, write each feld by

Y(a2)= 37 dwmZ ™' e (@ndV)(2*]
(/A

An odd emqomovyh'lsm D on \J is awlled a suparsygmmetiyg W

(0 Dl’-; 9 ,@pv the. +vanslotion OP%'hQV D on \/>
(1) D is an 0dd derivation on \, that ig,

(D, dem] = (Do), NVaceVl, YnezZZ



Wati\m—dlm) Covm(\/ﬁ-jq( ) \J =, (Blae)

Tn o verdex alddovee V, write each Lield by

Y(a2)= I dwmZ™' e (@ndV) (2]
e 7Z

An odd endomorphism D on \J is aled a Suparsymmeting W

0 D"; 9 ,@D\( the +ranslotion OPW'hDV 0 on \/>
() D is an 0dd darivation on \ , that g,

C 5, dem] = LD&>CVI) \V/OKG\/, YneZ. .

Definition (Heluani-Kac (2007))

A vertex. alggbro. with N Supelcommating, SupextymmetrieS 1S Called
on N=n supercymmetiic (SUSY) vertex algebva.

We only consider N=q or N=0 SUSY verex algebrus



Recall that+ on a Verdex algebra, we have
(2, dwm] = —NA&cpay YoeV, IneZ

TV\?)(B'(:OV‘Q/ up 4o Coh Ston+ VMU.("HPlQS, one (Cawv dmw .
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Recall that+ on a Verdex algebra, we have
(2, dwm] = —NA&cpay YoeV, IneZ

thorekore, up 4o onStant wultiples, one cau draw

£ o vertex olgdbra has a/iuymgmmw 0,D.
Su?a»cngv\w\—'lm%,

Y(az) X (Da,2) Y(Ba,2) \Yoba 2)




The. verkex algebra NE () s an N=d SUSY vertex algdora
extending  \[* ().

Definition Let q be a Simple Lie SLLPU(O.\%E)@YOL C—ﬁ_u'tPVd wirtl an

Ve Suparsymmetric mvariant  bilinear Forrns (- |1D).

Then, \I(ﬁ-:/\(g) is & vertex algebva dreely genervied by
"q & | Dd—iz{ for  [AY : basis ot O
For 2a€9%, (er @ have o parity opposite 1o a



The. verkex algebra NE () s an N=d SUSY vertex algdora
extending  \[* ().

Definition Let q be a Simple Lie SLLPU(O.\%E)@YOL C—ﬁ_u'tPVd wirtl an

Ve Suparsymmetric mvariant  bilinear Forrns (- |1D).

Then, \I(ﬁ-:/\(g) s A Jartex algehva f?me/(g, Gemerofed by
§ T, DO g ko [0ak:basis of g

For 2€9, ler a have a parity opposife fo a

The OPE rdotions betWeen the genmervdors are

D7) @) (_D,S) (w) v (Q_Ca bi} )(w) L (BeW) Calb)

(2—-W)*

a(2)(Dh) (v) ~ Ca';?f\’w)

Zz2—W




The. verkex algebra NE () s an N=d SUSY vertex algdora
extending  \[* ().

Definition Let q be a Simple Lie SLLPU(O.\%E)@YOL C—ﬁ_u'tPVd wirtl an

Ve Suparsymmetric mvariant  bilinear Forrns (- |1D).

Then, \I(ﬁ-:/\(g) is & vertex algebva dreely genervied by
"q & | Dd—iz{ for  [AY : basis ot O
For 2a€9%, (er @ have o parity opposite 1o a

. wzlaeny B sFlaey>
VD = | paarem) T (B (all)
L CEDw, Gy ¢ BRIV =T
2-w (2-wy* e
C(n
Vis'a)

Note that for Rt LY,
VE () = V() ® (o)

as Verter algehbras.



W&(i\nwm) Covvt(\lﬁ-jq( ln) \J = lae)

For any Vertex algebra \ and its Subalgebra Uc\/,
the Cgset ¢ defined by

Com (U V) = fooreV | (X (DX (uwl=o Horall veU?
= fwev | wopuso for al well and neZzo}

Note that one can natuvally veqovd that

L+4
\]N."—-:/\ (g\ﬂ) < \lfsd(é(ﬂ"ﬁl’)
D + > ba

—

& | > o

The level difference ocecurs b WOl =n and W(&law) =0t



GKO construction and
S Supersymwettic anoloq



Vivasoro aldebra & GKO construction

Recall \Jvosoro vextex. a\%e\orcx of Cantral clnarg,e, ce C

Vir‘= <L
DL (W) 2L(w) C
2) L o
HRLC) Z~w * (2-w)? * 6(2-w)¥

In an attine vertex al%zbra \IQ(Q\) for fat-h', one can £ind
Ve Sugawars. conSHuction o \ivasovo fiel &
q

ﬁ R t\f”\F,_'-
LZ’ Q—CM\")ZLL

of cantral charge. %



Proposiion (Groddard ~Kewt- Olive (14867)

Lot 0 be a veductive Lie a(ge)ora and PCh be its reductive Lic subodg.

Then, Com Wzm vt ()
hoas o \ivasorp {ield dlven Iotg, L_—% f-LE‘p.

Remark. Tn particular, when o=<Sa®8l, , the GKO conspuction
Motwater +he Coser redization

WEEl) = Com Cy™ st VEEW @ Ly (81)

where &:h" —ﬁl«" =1 for L\":Vl.




N=1 Neseu-Schwarz vertex algebra

The. N=1 suparsymmetric amalogl oF o ViraSormn vertex algdeva (S
an N=1 Neveu-Sdwarz vertex algebra NS¢ of central charge ceC .

NSE= L. G7

odd
Do W) 2L(w) c
2) L oV
K L) 2—W i (22 N &(2-w)¥

@) G (W) ~ 9;_‘_"?:)“’) . 2 gcx

o 2L ¢
G@ a(w) o " Tew?




N=4 Nevew-Schwarz vertex algeora

The N=1 supersymmetric amalogl oF o ViraSoyw vertex algdova (s
an N=1 Neveu-Sdwarz vertex algebra NS¢ of central charge cel .

NS®= AL, G7

odd
L@ L(w) & St 2H» o <
Z-W (2-w?  g@wW*
o Do & (W) 2 Glw)
) G (W) ot EEBE
ama@~ 2@ _°
2 - W 2 (2-w)?
Tn NS, D= (G, 8 4 Supers Yymmetig G[@ ZL.(%)
and D= 2L GT) > D_L..“)
L / > o)

Gen o,



Def Lot V be an N={ SUSY Verter aldebvo with o supersymmerng D

Then, an odd GeV is caled an N=4 cuparconformal veetor if

@) G =D
() & and =1L DG gowrote N=4 Neveu-Shwar2 verdex alg.

For conwenwence, we <ol dat N has oan N=4 stwuwcture with (L&)

Propusition. (Linshaw ~S ~Suh (202%))

Ascume Hhatr V hos an N=4 Srhcture with (L&YY and
AcV also hos an N=q stiucture with (LA GA)

Suppose Hot
I-—\'/CQ-') LA: o ) GT\,CO') QTA = D_Lf\ 5 GIVC{(') C’:[A;‘ 0.
Then Comt CA V) has an N=4 StHucture with (LS LA, G- &),

In \)arr\'tc_u(w‘, .
NS® ™ Com(A.V)

whoe (=Cv~—Ca.



e Suparsymmertiic alfine veriex a\%a)ova \‘%;«CQ}’) for &Y has an
N=1 cupereonformal yeckor , constvucted n (Kac—Todevov (1485)]

G(Q Hn" ?1(%[ D) + &AL\VY‘ 5 e (0,0 Y) T

of centrrol charde b sdim)d +

RN, jz_. sdim 9.

=~ For a veductive Lie subalgdva MCl, Wwe have

¢ 2
NSC oy Com (Vo (0) , Vy=d(3)
by the adjoint+ action .

In particular,

NSC @) Com(.\/ nl

3nk
Lint+q

), Vs )

where €=



N=2 Nevew-Schwarz vertex algebra

The N=2 supersummetric analeq of o ViraSomw vertex algeeva (s
an N=21 Neveu- Sdwarz vertex algebra NQ,\T:LD{-L centrol charge cel .

NSE = 4L, G, &,
"= ST )

Such tor AL, &> = NS® & L, G

—_ 1
T@IW Y — 5 Twp

L(2)T ()~ S 93D
(2-w)? 2— W
Golwe —2 ,  G@I@W~ o

G G o 230, 23
(= -w)* 2w




-
s
p
24
n
P
(9
(
A
e
()
Q
s
a
%04
N
[
S
3
Q
X
wmw
Z
"
1o
/e
<
v
~<
V)
)
Q
3

In +he Specefic fom of the (oset, we have NS;zg_ as & Suba\%dam.

Theorem (Kazoma-Suzuki(1999), CLKSS (2026))

Let L£-nN-1 Then

Com QN QL) , N, (Sl
has a subalgebra isomorphic v NS{a , extemding e N=q NS
Vertex algebra given by +the difference of the Kac-Todovov vectors.

Here, the comtal chavde. is
3nkL
Ltn+A




Conmection with Wq(é\thln)



Recall the decomposition of Sy

e
s &1 T

S/ e N
0 o<‘L L/o o<}i
s\wﬂ:agl@ 3O@O@l@lﬁ0@

(§4£71=2F , CEE1=2F
tuul=o » C&F1z0
(ug1=F, Cufl=-f



Y(®a,2)

CINN
2.1 ]

(%a)(o')
(9.1 J,

Yoba 2)

CLLY 2y
J, (%.—]

\ CD(BO‘) Ce)




Theavem (Genra~S.~Suh (2025), Linshaw-S.—Sul (2025))

Let q be @ basic classicol Lie Superalgebva. and Fel be an
eNen nilpotent element,

Atsume at thare S an odd. homo%,um_aus ,S’-eq‘ Such hod (‘,.g'_{ljc 2F

Then for & -k,
w® (. 6) ® F(a)

hos an N={ SUSY vertex olgebra  stucture .
Moreovey, w hos oan N=4 Su‘)QJr‘Carv\:oVW\aQ Nedtor,

By appl\é'm% an au{—ovwov\ohism of: élw‘..“,,, whiclh exchan%,cs L oand T,
we gok Hie dollowing  +heorem .

Theavem | CLKSS(2026)]

For b4-1, +he W-algebra WH*(|, . ) has an Ned SUSY varex
a\%z)orm stucture. Moveouer, i+ has o Subalgebra isomovphic 4o

NS;:Q_ ’ C= “QV\L&Y\'{'&'{'V\)‘




Finally by analyzing. the NSA?:Q— module structure and SFurther
verter algobraic properties. we 9et

Thearem [ CLKSS(2026)7]
For f2-1,

2
Wg(gkn{-q[m) = Com(_\ll\f{:lq(mn); \’N:,{(.§ln+4')->
where (st (tne) =1







