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Generalities

Rational VOA: finite semi-simple category, MTC

C2-cofinite VOA: finite logarithmic category, braided, rigid

Non-C2-cofinite VOA: ??? (usually restrict to nicer sub-cat)

Huang:

grading-restricted + C1-cofinite generalized modules
=

braided monoidal cat

abelian?
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Strategy

Creutzig, Jiang, Orosz Huniker, Ridout, Yang (Virasoro),
Adamovć, Lin, Yang (Z2-orbifold of Heisenberg):

C
grading-restricted

C1-cofinite
generalized

=
Cfin

finite-length
with C1-cofinite

composition factors

⇒ ⇒

braided monoidal abelian
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Fusion rules

Frenkel–Zhu theory
H. Li refinement
generator L[2]

+ detailed h.w.
module structure

⇒ ⇒

fusion boundaries existence

L[r]⊠ L[s] ∼=
min(r−1,s−1)⊕

j=0

L[r + s− 1− 2j].

Etinghof, Penneys: =⇒ rigidity of C
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Equivalence to cat of fin-dim sl2-modules

Css
semisimple rigid

subcategory built from
L[r], r ∈ Z>0

←→
Rep sl2

finite-dim
sl2-modules

⇐
⇒

q=
1

⇐
⇒

C(q, sl2)
finite-dim weight mod
of the quantum group

Uq(sl2)

(tensor equivalences)
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W (2, 2) algebra

The W (2, 2) VOA LW
c , for c ∈ C× is a simple vertex-algebra

generated by

ω(z) =
∑
n∈Z

L(n)z−n−2, W (z) =
∑
n∈Z

W (n)z−n−2

such that L(n), W (n) satisfy relations of a W (2, 2) Lie algebra:

[L(n), L(m)] = (n−m)L(n+m) + δn+m,0
n3 − n

12
c

[L(n),W (m)] = (n−m)W (n+m) + δn+m,0
n3 − n

12
c

[W (n),W (m)] = 0
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Representations

The Verma module V (c, hL, hW ) = U(W).vp,r

L(0)vp,r = hLvp,r, W (0)vp,r = hW vp,r

Parametrize: V [p, r] := V (hL[p, r], hW [p, r])

hL = hL[p, r] = (1− p2)
c− 26

24
+ 1− r + 1

2
p

hW [p, r] = (1− p2)
c

24
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Representations

Generic case p /∈ Z>0

V [p, r] is irreducible iff p /∈ Z>0.

Non-generic case p ∈ Z>0

If p ∈ Z>0, there is a singular vector

up = Upvp,r, Up ∈ C[W (−1), . . . ,W (−p)]

such that U(W)up ∼= V [p, r − 2].

Up can be normalized at W (−p).
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Typical case p ∈ Z>0, r /∈ Z>0

Typical case r /∈ Z>0

If r /∈ Z>0, then

0 −→ V [p, r − 2] −→ V [p, r] −→ L[p, r] −→ 0

is exact.
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Atypical case p, r ∈ Z>0

Atypical case r ∈ Z>0

If r ∈ Z>0, there is a subsingular vector

sp,r = Sp,rvp,r, V [p, r] = U(W)sp,r

such that

0 −→ V [p, r] −→ V [p, r] −→ L[p, r] −→ 0

0 −→ V [p, r − 2] −→ V [p, r] −→ L[p,−r] −→ 0

are exact.

Sp,r can be normalized at L(−p)r.
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V [p, r] atypical case

 

 

#

vp,r

upr

spr



Introduction Overview W (2, 2) algebra Fusion Equivalence with sl2

C1-cofinite modules

Definition

Let M be a V -module, and

C1(M) = spanC

v−1m | m ∈M, v ∈
∐

n∈Z≥1

V(n)

 .

M is C1-cofinite if codim (M) <∞.

M [p, r]

C1(M [p, r])
= spanC{W (−1)wL(−1)ℓvp,r | w, ℓ ∈ Z≥0}
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Main results

Theorem

Highest-weight modules in C are precisely

L[r] := L[1, r], r ∈ Z>0.

Theorem (C = Cfin)
If M ∈ C, then it admits a finite filtration

0 = M0 ⊂M1 ⊂ · · · ⊂Mn = M

where Mi+1/Mi
∼= L[ri], ri ∈ Z>0, and all Mi are C1-cofinite.
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The Frenkel–Zhu Correspondence

VOA Category Zhu algebra category

VOA V Associative Zhu algebra A(V )

V -module
M =

⊕
n≥0

M(n)
A(V )-bimodule A(M)

Intertwining operators
I
(

M3

M1 M2

) HomA(V )

(
A(M1)⊗A(V ) M2(0), M3(0)

)

H. Li

If M2 and M ′
3 are generalized Verma modules

I
(

M3

M1 M2

)
∼= HomA(V )

(
A(M1)⊗A(V ) M2(0), M3(0)

)
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Frenkel-Zhu theory for LWc

Zhu algebra: A
(
LW
c

) ∼= C[x, y]
M an Z>0-graded LW

c -module with top component M(0)

C[x1, x2, y1, y2]⊗M(0) is a C[x, y]-bimodule

A (V [p, r]) ∼= C[x1, x2, y1, y2]⊗ V [p, r](0)

A (L[p, r]) =
A (V [p, r])

A
(
V [p, r]

) ∼= C[x1, x2, y1, y2]
(f(Up,r), g(Sp,r))

Calculate A (L[2])
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Theorem

For p, p′, r, r′ ∈ C we have

dim I

(
L[p′, r′]

L[2] L[p, r]

)
≤ 1,

and this dimension can be nonzero only if p′ = p and for p ̸= 0 if

r′ = r ± 1.

Existence

The existence of the intertwining operators of the type(
L[r ± 1]

L[2] L[r]

)
, r ∈ Z>1

can be proved either directly, or by embedding LW
c ↪→ LH

c,cL,I
.
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Main results

Theorem

We have the following fusion rules in C:

L[r]⊠ L[s] ∼=
min(r−1,s−1)⊕

j=0

L[r + s− 1− 2j].

Theorem

The tensor category C is rigid.

Etinghof, Penneys: non-negligible + moderate growth = rigid
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Tensor equivalence Css ∼= C(1, sl2) ∼= Rep sl2

Rep sl2
finite-dim
sl2-modules

⇔
C(q, sl2)

finite-dim weight mod
of the quantum group

Uq(sl2)

generated by Lq(1)

Kazhdan, Wenzl:

rigid ss tensor cat
simple generator X
Clebsch-Gordan rule

⇔ C(q, sl2), X ↔ Lq(1)

q = 1
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