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Based on a recent joint work:

D. Adamovié, M. Peng, J. Yang, The tensor category for
W (2,2) vertex algebra, (2026) arxiv:2609.02202
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And some previous results:

e D.A., G.R. On free field realization of W (2,2)-modules,
SIGMA 12 (2016)

e D.A., G.R. Free field realization of the twisted
Heisenberg—Virasoro algebra at level zero and its
applications, J. Pure Appl. Algebra 219 10 (2015)

o G.R. Subsingular vectors in Verma modules, and tensor
product of weight modules over the twisted
Heisenberg—Virasoro algebra and W (2,2) algebra, J. Math.
Phys. 54 (2013)
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Non-Ca-cofinite VOA: 7?77 (usually restrict to nicer sub-cat)

Huang:

grading-restricted + C'-cofinite generalized modules

braided monoidal cat
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Strategy

Creutzig, Jiang, Orosz Huniker, Ridout, Yang (Virasoro),
Adamové, Lin, Yang (Zg-orbifold of Heisenberg):

C Cﬁn
grading-restricted — finite-length
C'-cofinite with C7-cofinite
generalized composition factors

4 4

braided monoidal abelian
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Fusion rules

Frenkel-Zhu theory
H. Li refinement +
generator L[2]

detailed h.w.
module structure

U U

fusion boundaries existence

min(r—1,s—1)
LR L[s)= @ Lir+s—1-2j.
j=0

Etinghof, Penneys: = rigidity of C
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Equivalence to cat of fin-dim sly-modules

CSS
semisimple rigid
subcategory built from
Llr], r € Zsg

Repsly
<——> finite-dim

sly-modules

¢ I
N

C((],E[Q)
finite-dim weight mod
of the quantum group

Uq (5[2)

(tensor equivalences)
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W(2,2) algebra

The W(2,2) VOA LY, for ¢ € C* is a simple vertex-algebra
generated by

ZL —n2 ZW —n2

neL neL

such that L(n), W (n) satisfy relations of a W (2,2) Lie algebra:
nd—n

12

n3—n

12

[L(n), L(m)] = (n — m)L(n +m) 4 0ptm.0 c

[L(n), W(m)] = (n —m)W(n+m) + 6nym.0

C
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Representations

The Verma module V (¢, hr, hw) = UW).vp,,
L(0)vp, = hrvp,, W(0)vpr = hwop,,

Parametrize: Vp,r]:= V(hp[p, 7], hwlp,r])

hi, = hilp,7] = (1 — p?)

hwip,r] = (1 —p*)
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Representations

Generic case p ¢ Z~g

Vp,r] is irreducible iff p ¢ Z~o.
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Representations

Generic case p ¢ Z~g
Vp,r] is irreducible iff p ¢ Z~o.

Non-generic case p € Zg

If p € Z~, there is a singular vector

Uy = Ul o, Up € CIW(-1),..

such that UW)u, = Vip,r — 2].

Up can be normalized at W (—p).

. W(=p)]
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Typical case p € Z~g, 1 & Z

Typical case 7 ¢ Z~g
If r ¢ Z>0, then

0 — Vip,r — 2] — V[p,7] — L[p,r] — 0

is exact.
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Atypical case p,r € Z~

Atypical case r € Z~g

If r € Z~, there is a subsingular vector
Spr = SprUp,r, Vip, 7] = UW)spsr
such that

0 — V[p,7] — V|p,7] — L[p,r] — 0
0 — Vip,7 — 2] — V][p,7] — L[p,—71] — 0

are exact.

Sp,r can be normalized at L(—p)".
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Vp, r] atypical case

Up,r

Upr

Spr
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’I’LEZZl

M is Ci-cofinite if codim (M) < co.
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(-cofinite modules

Let M be a V-module, and

C1(M) =spanc S v_ym | m € M, v € H Vin)

’I’LEZZl

M is Ci-cofinite if codim (M) < co.

M{p, 7]

CrMpr]) spang {W (—1)L(—1)%v,, | w, ¢ € Z>o}
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Theorem

Highest-weight modules in C are precisely

L[r] := L[1,r], r € Z>o.
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Main results

Theorem

Highest-weight modules in C are precisely

L[r] := L[1,r], r € Z>o.

Theorem (C = Cfin)
If M € C, then it admits a finite filtration

O=MyCcMyC---CM,=M

where M;y1/M; = Lir;], r; € Z=o, and all M; are C1-cofinite.
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V-module A(V')-bimodule A(M)
M= & M(n)
n>0
Intertwining operators Hom 4y (A(M1) ® 4y M2(0), M3(0))
M:
Z (i vr,)
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The Frenkel-Zhu Correspondence

VOA Category Zhu algebra category
VOA V Associative Zhu algebra A(V)
V-module A(V')-bimodule A(M)
M= & M(n)
n>0
Intertwining operators Hom 4y (A(M1) ® 4y M2(0), M3(0))
M:
Z (i vr,)

If My and M} are generalized Verma modules

M3 -~
z (M1 M2> - HomA(V) (A(Ml) ®A(V) MQ(O), Mg(O))
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Frenkel-Zhu theory for L)Y

o Zhu algebra: A (LY) = Clz,y|
e M an Z-¢-graded LYY-module with top component M (0)
o Clxy1,z2,y1,y2] ® M(0) is a Clz, y]-bimodule
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Frenkel-Zhu theory for L)Y

Zhu algebra: A (LYV) = Clz, y]
e M an Z-¢-graded LYY-module with top component M (0)
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Frenkel-Zhu theory for L)Y

Zhu algebra: A (LYV) = Clz, y]
e M an Z-¢-graded LYY-module with top component M (0)

o Clxy1,z2,y1,y2] ® M(0) is a Clz, y]-bimodule
o

A (V[p) T]) = (C[:Ul)xQ)yhyQ] ® V[p’ T](O)
°

_ AVip,r]) ~ Clz1, z2,y1, y2]
AlHpr) = A(Vip.r]) — (fUpsr),9(Spr))

Calculate A (L[2])
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For p,p',r,7" € C we have

dimI<L[21 ]

and this dimension can be nonzero only if p’ = p and for p # 0 if

Ly, ']

r=r+1.

)=
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For p,p',r,7" € C we have

dimI<L[§1[p/z3g, r]> =t

and this dimension can be nonzero only if p’ = p and for p # 0 if

r=r+1.

The existence of the intertwining operators of the type

(ot ) 7%

can be proved either directly, or by embedding LY < L}

CCrL, 1’




Fusion
[eJele] )

Main results

We have the following fusion rules in C:

min(r—1,s—1)
Lir|®L[s]2 @ Lir+s—1-2j.
j=0
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Main results

We have the following fusion rules in C:

min(r—1,s—1)
Lir|®L[s]2 @ Lir+s—1-2j.
j=0

Theorem
The tensor category C is rigid.

Etinghof, Penneys: non-negligible + moderate growth = rigid
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