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Onto more serious business
. . .

⑨ MOTIVATION

☒
Important in MathPhys !
Related to

TAMBARA - YAMAGAMI
- (2+1) TQFTS ,

CATEGORIES
- Zz- orbifdds of
conformal netsFusion Ring:

- basis : Go { ✗4
,
where

⇐ Etc
.

G finite , abelian group
and ✗ non- invertible

- relations : g.
✗
= ✗ =✗ •

g
✗ •✗ = ⑦

geo
9 Party

boy

Two proposals for generalization :
here!

B

[3L] : = [Jordan - Larsson
,

[ Galindo - Lentnee - Model
,

= : [GLM]
'
09] '

24]

• G square order
• G abelian ,

even a odd order

• Get Zp - extensions • Get non- degenerate braided

of Veg (p EIN) -22- crossed extensions of Veco

• Recover TY gap =2 • RecoverTY with odd order



OUR QUESTION : if categcrifiabee , how does each suggestion change
the representation theory of the categories ?

OUR IDEA : (A.Czenky ,
E
.
McGovern

,
M
.
Molander

,
M
.
Miller

,
ARC

as a
"
women in Mathematical Physics 3

"

research team]

Use Non - negative Integer Matrix representations
(
"

NIM -repo
" ) of these fusion rings to explore them !

Why ?

Because of previous work [Hannah -RC ,

'

23]
,
we knew

NIM- reps are powerful combinatorial tools to detect

algebra objects in tensor categories .
And by [Ostrik] ,

we know these are directly related
to the rep . theory of tensor categories .

• • •
So off we wentPLAN FOR TODAY :

①Basics on NIM -

reps .

② Irreducible NIM- reps for [JLT .

③ Irreducible NIM- reps for [GLM]
④ Bonus : algebra objects
⑤ Outro .



①BASICS ON NIM- REPS

NOTATION : 2-
+
semi- ring of positive integers with 0 .

(RB) fusion ring ,
where R ring and B = {bi4ie± basis with 1- ,

I finite set with an involution * .

DEIN: given (RB) ,
a NIM - rep is a module overR , say A ,

with abasis M

that interacts withB as follows :

V-bi-B.mj.CM ,
bi Dmj = ⇐aij me, with a i¥ C- 2-

+ ,

and that , if A has a symmetric bilinear form defined by
(me, ,me) = Serie .

then ( biome ,
me) = (me, ,

bi#Dme ) .

Notation : (A ,
M )

.

Ex : a fusion ring is a NIM - rep over itself trivially .

( More examples to come)

viewed as R - modules
,
we can define naturally direct sums of NIM -

reps ,

sub - NIM-

reps ,
etc .

DEFN : • Irreducible NIM- repo : no proper sub - NIM
-

reps .

• Let (A ,
M)

,
(A

'

,
M

'

) NIM- reps over CR ,
B)

. A NIM- reps morphism is a

function 7 : M → M
"

inducing a E- linear map between the

resp . modules .

If Tf bijection ⇒ NIM -

rep isomorphism .



E let G finite group ,
and consider (2-6,6)

.

[Hannah -RC
,

'

23] : irreducible NIM- reps of (EG , G) correspond to

transitive group actions of G.
⇒ basis elements are parametrized by left corsets of Him 6 ,
for some H < 6 ,

i.e. M = 4mgi { e-≤ i≤ I G : Hit

Isomorphism if H ,
K are conjugate subgroups .

Let us also introduce a visual way to describe NIM
- reps :

for a given NIM -

rep (A ,
M ) over CR ,B) , a NIM

- graph is constructed by
drawing

- a mode for each element of the basis M ,

- a directed arrow with source mi and target mj , labeled by an
element be

.
c-B for every copy of mj im be,Ami .

E for (7<6 ,
G)

,
the NIM- graph is the Cayley graph of G.

USEFUL BECAUSE . . .
NIM -

rep irreducible 9 D NIM- graph connected .

We will need a small variation of NIM- graphs ,
called NIM- orbit graph .

Given a NIM- graph , the NIM- orbit graph is given by contracting all edges
labeled by elements of any Coub) groups parametersing the NIM-

rep .

: ( in a second !)



② IRREDUCIBLE N IM - REPS OF []L]

Let G finite group of square order ,
and p>2 positive integer .

[JLT fusion ring : - basis : Go 4 ✗e- , . . .

, Xp _ e- 4
- relations: g

• ✗ i = ✗ i = Xi • g ,

✗ i • ✗ j = ✓TGI Xitj , if i+j≠p ,

I
9€69 ' if itj=p .

involution : ✗¥ = Xp - i
.

Notation :Rp ,
G

Thanks to the group action , we can partition M into G- orbits :

M=¥? { met { e-≤e≤ IG :nil

where i accounts for the subgroups Hi < G defining each orbit .

Then
,

PROP : a) Fora fixed orbit 1-≤ i≤p ,
and fixed 1- ≤ k ≤ p -1 ,

the sumrmands

in ✗e.☐ me
"
are contained in a unique orbit .

b) In any irreducible NIM- rep of Rp , G. the action of G partitions
M into at most p orbits .

c) Let m be the number of orbits in the G- action .

Then m divides

P •



Rm we can identify ✗± with a permutation 0€Sm .

In particular , if m> 1 and 0 := { 0s ,
• • • , Om 4 denotes the set of orbits ,

then we can visualize the action of X1 on 0 as :
XI XI XI XI

01 ↳ 02 ←Oz F.
• • Om

o o o o • Tvste×ampleG-mmu)✗ 2 a NIM- orbit graph !

Fathe 1- orbit case
,

PROP : irreducible NIM -

reps overRp ,
G with a unique orbit are classified

by conjugacy classes of subgroups H -G a. 1- •
Ñ divides 141 .

For them > 1 Case
,

Prop : let p>2 ,
rn Ip .

Then
,

e) Irreducible NIM- reps overRp ,
G with m orbits are parametrized

by subgroups He , • • •

,
Hm < GO.to CF := /HillHokci) 11, @ ,

is a square integer v-i.li .
ii) Amy two such NIM - reps with associated subgroups Ha , . . . ,

Hm and

↳ , . . . . Lm and constants of ,
b. resp .

,
are isomorphic⇔ 3-etSm

at . Hi is conjugate to Loci) and at = b.Gci) ti .

E 6--7<2 ✗Ez

p = 4
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G with a unique orbit are classified

by conjugacy classes of subgroups H -G a. 1- •
Ñ divides 1 HI .
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THM : let p>2 ,
rn Ip .
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③ IRREDUCIBLE NIM -REPS OF [GLM]

Let M finite abelian group of even order ,
Sekar .

[GLU] fusion ring : - basis : Mu } ✗g- { g-enter
- relations :

g. Xñ = Xñ
•

g =
✗g-th

✗g-
• ✗Tn = 2 t

ten

E = Stg th

- involution : (✗g)
*
=
✗
-5 -s

Notation : GLM ( P
,
S)

we partition again M

1) into P - orbits : M = ¥
,

Mj

where j accounts for the distinct M
- orbits

, each of them defined bya

stabilizer subgroup Hj < P .

2) into 2M - orbits : Kj = ,
where OÉ : = { me' { e- ≤ e≤ Kr : Hiii ,

His : = Hj n 2M
,

Nj := [ th ]/
[ Hi : Hi NZM]

a

0

°

°

This is apowagz!-Em)



NOTATION : • to refer to the c-th 2M - orbit of the j - th M- orbit , we will

call it an orbit pain and denote as Ci ,j ) .

• c¥
,
;)

,

Cee
,
e) := ( ✗g- ☐Miri

,
mise )

.

LEMMA : for an orbit pain ( id) and g- c-%p ,

1) 7 ( A. e) orbit pain such that Cci ,
ce

, , e) ≠ 0

2) The summounds in ✗g- ☐ m
'

are contained in a unique
orbit pain .

But unlike [ JLT
,

Prep: there are at most two M - orbits !

Also
,

the 0 A→ X1 identification cannot be done here .

Rather
, for a given NIM -

rep over GLM (M ,
8)

,

a) If 5- = 0
,
then Xñ acts on the 2M - orbits as a permutation of

order e- a 2 .

b) If S ≠ 0 ,
then C.

. .) I , 2 a 4 .

Not exactly what we were expecting ,
but then

. . .



Forthe 1- orbit case
,

T M : • Irreducible NIM -

reps over GLM (M ,
S ) with a unique M- orbit

are parametrized by
e) A choice of subgroup H <ns.t . ✓127 divides 1 H n 2M 1 , and

ii) A choice of action on the 2M - orbits induced by Xo ,
that

we denote as co
, satisfying that 202 = 0s

200g = 0gZo gets
• Isomorphism if :
i) H = th

'

,

ii) If he is the isomorphism induced on the ZR orbits by
the isomorphism of P - sets

,
ns.t.ECOi) = @{⇔ ,

then

co
,Zo

'

satisfy 2 . Zo = Zo
'

• 2
.

For the 2 orbits case ,

Tmm :
• Irreducible NIM- reps over GLM (M ,

S ) with two M- orbits are

parametrized by
e) A choice of subgroups HI , Hz < F such that

a) 8=5 for some he He n Hz ,
or 5=5 for h # Ha ,

h# Hz
.

b) Ig we denote : G[23 : = h g€6 I 29=04 ,
then

(Knee )[ 2] = (Tmz) [ 2]

Ii) A choice of eo ( as in the one orbit case) ,
that also needs to

satisfy some extra conditions on the number of 2M- orbits .



⇒ An integer ✓É .

I 2M I

• Isomorphism under analogous conditions to the 1- orbit case .

④ 130NUS : A-LGEBSRA OBJECTS .

From [ Hannah - RC ,
'

233
, we know there is a way to extract algebra

objects from NIM - reps ( if these rings are categorised ) .
→ Visually : look for loops at the NIM - (orbit ) graphs !

We them detect :

☐
1 orbit case : A- = ⑤ µ

bh G-¥ ✗a
[TL]

e- e-

A m orbits case : A
µ,

bh ⑦ c m

Xjm , for p = me
.

j= I

☐ 1- orbit case : A =- bn ⑦⑦ Cia ✗g-¥
,
ger :[ GLM]
0g (e) =Ii'( e)

A 2 orbits case : A- = ⑦ b.
he ⊕ bhz .

HIEHI hzeHz

i



⑤OUTRO

what next ? Testing the ground on . . .

• How to recover further details on the algebra structure
( in these examples and others ) ?

• A generalization of these two generalizations ?

• Extensions of fusion rings : how do NIM -

reps keep track

of any changes ?

• Other exotic fusion rings and their extensions : N 1M- reps ?

so • ③

Hopimgtorepat-wmw)more soon !
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