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Braidings contain all the (bi) algebraic information.

@ Derive new (Hopf)algebra denoted Y(gl, ,,) from a certain non-combinatorial,
non-parametric involutive braiding.

@ Via the RTT presentation of quantum algebras we derive the gl ., Yangian,
which is naturally a Hopf algebra.

@ The Yangian Y(gl) ,) contains an underlying subalgebra, gl ., which itself
constitutes a novel non-commutative algebraic structure.

® For gl ,,: we derive its quadratic relations and defining its Chevalley—Serre type
relations —which are distinct from those of the standard general linear Lie
superalgebra —and construct Casimir invariants.

@ Distinct combinatorial bases for finite-dimensional irreducible representations of
the algebra gl ,, are also derived.
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® Y(gly ) is distinct from the standard, Yangian of the general linear Lie
superalgebra: as a Hopf algebra, Y(g[k’m) is equipped with the standard,
ungraded tensor product algebra structure, such that (a ® b)(c ® d) = ac ® bd,
for a,b,c,d € Y(g[kym), avoiding the standard Z,-graded super-commutativity

signs: (a®b)(c®d) = (—1)/bll<lac ® bd, for a,b,c,d € Y (0l,m)

@ This requires deforming the algebra coproducts, and introducing a family of
additional group elements into the algebra, both of which are dictated by the
RTT presentation. This framework generates super-type symmetries through
coproduct deformation, leaving the underlying tensor multiplication ungraded.
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Preliminaries

@ A solution to the Yang-Baxter equation in its braided form is a linear map
F:V®V — VQ® YV satisfying the relation:

Braid Equation

(F®idy) (idy ® F) (F® idy) = (idy ® F) (¥ ® idy) (idy ® F).

If ¥ is a solution such that ¥2 = idygv, then ¥ is said to be involutive.

@ Introduce the linear map r: V® V — V ® V| such that r = PF, where
P:V®V = V® V is the permutation or flip map: P(u® w) = w ® u,
u,w € V. Then, r satisfies the YBE

Yang-Baxter Equation

rn2 n3 r3 = 3 n3 n2,

If ¥ is involutive then r satisfies ripr1 = idygy and is called reversible.
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@ If r= Eaj [ bj, aj, bj c End(V), then rp = Zaj ® bj ® idy,
Jj Jj
rp3 = Zl'd\/ ® aj ® bj and n3 = Zj aj R idy ® bj.
i
@ Let X be a non empty finite set of cardinality n: {eX}X is the standard canonical
basis of C", and the n x n matrices ex y 1= exe}:r
that (ex,y)z,w = Ox,20y,w, X, ¥, 2z, w € X. {exﬁy}

(T denotes transposition), such

yeX is a basis of End(C").
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Preliminaries

Classes of braidings:

@ Set-theoretic or combinatorial solutions of the braid (YBE). Let X be a
nonempty finite set, for a, b € X, 05,7, : X — X are bisections and
r:C"@C"—=C"®C",

r(es ® ep) = eq,(b) @ Th(a)
e.g. the flip map o and 7 are identity maps, i.e. r(a® b) = b® a.

By [AD] and [AD, Rybolowicz, Stefanelli]:

o Involutive (r? = id) set-theoretic braiding come for the flip map via a
combinatorial Drinfel'd twist.

o Invertible (non-involutive) set-theoretic solutions are coming from racks via
the same Drinfel'd twist.

@ Set-theoretic solutions — quantum algebras; requiring them to be Hopf
algebras leads naturally to (skew) braces.
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Preliminaries

@ “Quantum” or g-deformed solutions (or doubly deformed) braids ([Jimbo,
Drinfel'd,...]), g € C, (quantum groups, Yangian, ...) e.g.:

ex ® ex, X=y,
’(ex@ey)—{ g le®e, x<y )
g le Qe+ (1-g2) e®e, x>y

@ Non-parametric, non-combinatorial solutions [Lechner, Pennig & Wood |),
simplest example:

(=Moo g
o= OO
O OO

o oo
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Baxterization & solutions of YBE

@ Let ¥: V®V — V ® V solution of the braid equation and ¥ = id,> (involutive).

@ Given that F satisfies the braid & involution, Baxterization [Jones]:

Baxterized solution

R(A\) =Xf+id = R(\) = Ar+P, where r=PF

@ In the special case F =P = 3 e, ® ey x (r =1,2) we recover the Yangian.
x,y€X

@ Given any involutive F via Baxterization and QISM, obtain hierarchy of
commuting Hams (quantum integrability). Also, quantum groups (Hopf
algebras) emerge naturally.
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No-combinatorial, non parametric braiding

@ We examine a special class of involutive solutions as non-parametric diagonal
deformations of the permutation map.

@ Notation. The set of all non-negative integers: N. The set of all positive
integers: N*. [n] := {1,27...,n} and X‘:r = {k+ 1,k+27...,n}, k < n.

Proposition

Let P: C" ® C" — C" ® C" be the permutation map explicitly expressed as

P= 3 e, ®ex. LetalsoD=id—2a > exx® exx,then ¥=DP is an
x,y€[n] xeXF

involutive solution of the braid equation if and only if « =0 or o = 1.
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Non-combinatorial braidings

Q Let B= {ex}xe[n] be the standard canonical basis of C", then the action of the
F-matrix of on B®? is given by (a € {0,1})

ex ® ex, X:ye[k]7
Flex @ gy) = { (1-20)ex®@ex, x=yeEX,
ey @ ex, x #y € [n].

Notice that if @ = 0 one recovers the flip map (combinatorial solution), whereas
if @ = 1 the solution is non-combinatorial.

Next: quadratic algebras 2 associated with solutions to the Yang—Baxter equation
(FRT construction, and consequence of quasi-triangular Hopf algebras).
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The FRT formulation or RTT presentation

[Faddeev, Reshetikhin, Takhtajan]

Definition

Let R(A) € End(C" ® C") be a solution of the Yang-Baxter equation, A € C. Let also

L) = Y ey ®Ley(A) €End(CM) @2, Liy(A) = S APLYP) € 2, where 2 is
x,y€[n] peEN

the quantum algebra associated to the solution R, and is defined as the quotient of

the free unital, associative C-algebra, generated by indeterminates

{L)(f:}),\ x,y €[n], p€ N} and relations
Ri2(A1, A2) Li(M1) La(A2) = La(A2) Li(A1) Riz(A1, A2),

where A1, A2 € C, Ri2 = R® 1y, L1 = Z ex,y ® idn ® Lx,yv
x,y€[n]
Ly = 3 idy® ex,y ® Lx,y (id, denotes the n X n identity matrix).
x,y€[n]

@ In L in addition to the indices 1 and 2 there is also an implicit “quantum index" 3
associated to 2, i.e. one writes L3, Lp3. We retain ungraded tensor products, i.e.
(a®Db)(c®d) =ac® bd, for a,b,c,d € 2.

@ Vertex algebras as central extensions of the RTT presentation, via a twist [Kulish,
Reshetihkin, Koroshkin, ...]
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The Yangian Y (gl ,,)

Proposition. Let R(\) = Ar + P (P is the permutation map) a solution of the YBE.

Consider r = id —2 ) exx ® ex,x, k+ m = n. Also, consider Lio?v = 0x,yhx, hx =1
xeX;t

for all x € [k], hx is an invertible element with hy # 1, for all x € Xk+. Then, the

associated quantum algebra, denoted Y(g[k’m), is generated by indeterminates Lgﬁ’;,

x,y € [n], p € N and relations for all x,y,z € [n], /,p € N:
[hx, hy] =0,x,y € X,f,
[LP), b)) = 2L8) hese s — 20y LP)6,,, 2z € X
(L8, L (L8), L30) — 2810 — L)
L

X,y o Lz,w X, Y
! / !
2L L0 — L)y e = LY

!
L= L0~ 10,

where [, ]: Y(aly ) X Y(6lk,m) = Y(glk,m), such that [a, b] = ab — ba, for all
a,be Y(g[,ﬂm).
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The algebra gl ,,

The algebra gl ,, generated by indeterminates h;, z € X;r, L>(<1,3~ x,y € [n] and
relations,

[hx7 hy] =0, x,y € Xl:r

(LY, h] =208 b, — 20, L0352, z € X

169, 12001060 e + 28108l = L — by

is a subalgebra of the Yangian Y (gl ).
Note in particular (L)(}?V)2 =0,if x € [k] and y € X;", or x € X; and y € [K].

@ The nilpotency condition (LS&,)2 = 0 serves as hallmark of supersymmetry. It
allows gl ,, to function as a superalgebra despite being defined in a different
framework that bypasses Z,-gradation.

Anastasia Doikou Non-combinatorial involutive braidings: the quantum algebra g[; ..



The algebra gl ,,

® Remark. There is a map Y(gly ;) — gli , such that L)(f}), — 0, for p > 2 ie.

Ly (M) = xyha + A1) and L) = LO 4 A1),

@ Remark. Let L(Xl,)x_*_1 = e, Lilll,x =: fy, Lill =: ex (Chevalley-Serre generators)
Then every L(Xl,)y7 |x —y| > 1 is derived by iteration via [L(Xl,)y7 Lgl,)z] = —hyL(le)Z

forx <y <z(orx>y>z).

@ Example. We consider the simple example of the algebra gl; ;, generated by
elements h := hy, e:= e, f := fi, €1, €2 and relations,

[61, 62] = [/‘I,Ej} =0, je€ [2]7 [61, e} = —e, [61, f] =f
[[e2, e]] =eh,  [[ea. f]] = —hf, [[f, h]] =0, [[e, h]] =0
[f7 6]261h762, e =f2=0,

where [[,]] : gl,, x gl,, — gl,, such that [[a, b]] = ab + ba.
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The algebra gl ,,

o If hf =1 for all x € [n], and we set & := hyex, f = hxt1fc, x € [n—1]
(hx = 1, if x € [K]) and & = ex if x € [K], & = —hxex if x € X;7, then:

[[é}(y hx” = [[5)0 hx+1” :O, fx S {é)m f;;}y X, x+1 €)(;r

[ex, &] = —&, [t K] =F, x€[n—1],

(1, &) =&, [exs1, K] = —F, xe[n—1],

[, &) =& — &1, k#Exelnl, [[f, &]] = &+ e
and

([, ex1]] =0, x+1e€ X/, [[A é&-1]]=0, xeX],

Also, é,% = 1?,(2 =0, and for all k # x € [n], éx S {éx, fx} the cubic relations
become,

X R U 1, if xelk—1],
Ex+1 é?( “Fé?( Ex+1 — 2cxéx Ex+1 Ex =0, Cx = { -1, if x E[X,j» ]
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© We observe that the main quadratic relations among the elements &, &, and £
are identical to those of the general linear Lie superalgebra gl(k|m), however
extra quadratic anti-commutation relations exist. The cubic relations are also
slightly modified relative to gl(k|m); specifically, cx = —1 if x € X;r.

@ Note that for the algebra gly,1, the elements &y, f, &, and & correspond
precisely to the Chevalley—Serre generators of the standard algebra gl(1]1).
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The Hopf algebra

Proposition

Let Y(glk ) be the unital, associative algebra derived earlier. Then (Y(gly ), A, €,s)
is a Hopf algebra with the following maps:
Q a coproduct A : Y(gly ) = Y(8lk,m) ® Y(glk,m), such that

A(h) = hx @ he, forall x e X and A(LP)) = ¥ 2 P @ 1P, for all

z€[n] p1+pP2=pP
p1,P2 EN

x,y € [n].

@ a counit €: Y(gly ,,) = C, such that e(hx) = 1, for all x € Xk+ and e(L)(i)v) =0,
for all x,y € [n], p € N*.

© an antipode s : Y(gl — Y(gl , such that s(hy) = h;l, for all x € X, and
k,m k,m k

S s =3 ST sy =o.

z€[n] p1+pP2= z€[n] P1t+p2=
ppszN Pl,PQGN

Anastasia Doikou Non-combinatorial involutive braidings: the quantum algebra g[; ..



The Hopf algebra

For gly  in particular:
@ For all x,y € [n],
Alh) =h @ he, xeXt, ALY =LY @h+h oLl),
@ The counit for all x,y € [n], e(hx) =1, e(L(XIZ,) =0.
@ The antipode, for all x,y € [n],
s(ha) = het, s(L8)) = —hy 1LC) A

@ If 2 =1, and set Lx, := hxLyx,, then:

A([x,y) - Lx,y®1+hxhy®[x,y. J

In particular,

A(éx) :éx®1+hxhx+1 ®é><7 é\x S {éX7 72;}
A() =1+ 1R éE.
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The fundamental representation

© The map = : gl ,, — End(C"), such that for all x,y € [n],

LY ey, hersidn, if x €[], x> dx = idy — 2exx, if x € X,

is an algebra representation (the fundamental representation).
@ Consider L(A) = LO 4+ A~1L0) where LO) = 7 e, x ® hy,

x€[n]
L = Z[ oo ® L), and he, L) € gl Then (id @ 7)L© = D and
X,y€ln
(id ® TF)L(]') =P, whererecall D = > e x®dx = >, di ® ex,x and
x€[n] x€[n]
P= 3 e Qex, ie (id®@m)L(X) = R(N).
x,y€[n]
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Central elements of gl, ,,

@ In the following proposition we derive central elements of gl . We first
introduce the notion of a trace for elements
A= 3 ey ®Axy € End(C") ® A, where 2 is some quantum algebra. Then
x,y€[n]
we define the trace of A, tr(A) := Y Axx € 2
x€[n]

Let L=LO) + Xx71LM) € End(C") ® gl n, where LO = 3~ e, , ® hy and
x€[n]

LW = Z[ oo ® L), such that for all x,y € [n], hx, L) € gly m (n = k + m). Let
x,y€ln
also t(A) := L(A)L™1(—X) € End(C") ® gly , (Sklyanin's rep.) and

B - B 1, if xelK
T(A) == tr(d t())) € oly,m, where d = Xg[:nlaxex,x and 0 = { 1, if xe X;w

Then, [T()\), g] =0,9€ gl
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Central elements of gl, ,,

@ Proof. Recall, L()\) = L©) 4+ A\=1L() satisfies the RTT relation with
R(M\) = r + A7 !P, where r = D, then

(r @ id)AP (g)L(A) = LA)(7 @ id)A(g), 8 € 8l ms

where Al°P) = 50 A, o is the algebra flip map,
o Y(g[k,m) ® Y(g[k,m) — Y(g[k,m) ® Y(g[k,m)ﬂ a® b b® a-Thenr

(r ® id) AP (g)t(X) = t(A\)(r © id)AlP)(g).

This leads to [Ly,y, 7(A\)] = [hx, 7(A)] =0, for all x,y € [n].
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Central elements of gl, ,,

@ Example. The first two non-trivial elements of the expansion 7(\) = 3 A~"7(")
n>0

W =235 00nt, @ =2 3" 0L hMn

x€|n] x,y€[n]

are

The elements (1), 7(2) are the linear and quadratic Casimir elements of ol m

respectively. By setting [X,y = hy lL(lg,, the Casimir elements become,

V=23 "0lex and 7@ =2 >" 0.0, L,

x€[n] x,y€[n]
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Next construct combinatorial bases of irreps of gl ,

@ We introduce the shorthand notation:

By 5= 7r®NA(N)(EX), e 5= 7T®NA(N)(hX),
o — 7r®NA(N)(eX), = 71®NA(N)()‘”X)7
tx,y 1= 7r®NA(N)(LX’y)

x,y € [n].

@ Recall €, x € [n], ex, f, x € [n— 1] are the Chevalley-Serre type elements and
the map 7 : gly ,, — End(C") is the fundamental rep.
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. Notice, fxu™ =0, exu™ =0, for all x € [n —1].

@ Letut := eig’N and u— = &V
. + n N .
We also introduce g, m,,....m, € (C V&N
+ — M M1 m3 +
Uy my,om, = it 1ol "1 2 U
_ Mp—1 mn 2 my
urnl,m%...,m 7tnn 1 n,n—2" t tnlu

>= myx = N. Recall [tlyx, ’q’y] =0 and Ht,,,x,t,,yy]] =0, for all x,y € [n].

x€[n]
Dueto L2 =0 for x € [k] and y € X} or x € X, and y € [£] :

Q inuwl o ms M €{0,1,..., N} if x € [k] and my € {0,1} if x € X}
Q in Upmy .. my Mx € {0,1,..., N} if x € X;” and my € {0,1} if x € [K].
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Irreducible representations of gl, ,,: combinatorial bases

The action of gl ., on uilym%_,_,mn, >> my = N is given by,

yeln]
+ _ (_1\mx , L +
hX uml,.“,mx,mXJrl,“. - ( 1) uml,.“,mx,mXJrl,.,.» X € Xk
+ _ +
‘SX uml,“.,mx,m)ﬁl,..‘ = mx uml,...,mx,mx+1,4,.7 X € [k]
e _ _1ymx—1, + +
Ex Uingseey MMy, = Mx ( 1) WUty mys M1, X € Xk
+ _ £
Ox Umy oo me,mysn e = by Wonp,ooome—1,my g +1,...0 X €[n-1]

fx wh =cFub x € [n—1],

MYy My My 1,0 X my,...,my+1,my 1 —1,...0
where

@ forall x # 1, by = my, ¢f = meq1, if x+ 1 € [K];
b = (—=1)™+my, ¢f = myi1, if x+16€ X7,

-} bf =1, ¢f = (m +1)mo,

@ forall x#n—1, by = mx, cx = myy1, if x+ 1€ [K];
b, = (*l)mXHerxilmx: & = mxi1, if x+1€ X+7

@ b, ;= (-1)™tm-1"tm, 4(m,+1),c,_; =1

The sets {1.1%’,,,2,“‘,,,,"}Z m=N form natural bases for distinct irreducible

representations of gl, ... We refer to these as combinatorial bases.
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Mutual centralizers & spectrum of Hams

@ We next investigate the symmetry of involutive tensor representations of the
braid groups — spectrum of spin chain like Hamiltonians.

Proposition

Let p : By — End((C")®N), o; s ¥, where ¥ := id®U~1) @ ¥ @ id®(N=/=1) and
¥ € End(C" ® C") is the involutive solution of the braid equation given earlier. Let
also 7 : gly ,, — End(C") be the fundamental representation of gl ,,. Then

[, 7®¥AM(g)] =0, Vgegl,, Jj€IN-1]

The proof is based on the Yang-Baxter equation and the form of the R-matrix.

@ Consider also the sum of all the generators of the braid group By,

H:= Y ¥ €End((C")®N), where Fis gl ,, symmetric. Then:
JEIN—-1]

my, — :t(N - 1)u$1....

sMn*

Study of spectral decomposition of H — bases for irreps of gl .
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Example: spectral decomposition

@ Let ¥ be the gl, ., invariant solution of the braid equation and {ex} ~€ln] be the
standard canonical basis of C". Then, ¥ has 2 eigenvalues:

Q )1 = 1 with multiplicity "( Y 4 k and corresponding eigenvectors:

ufr’l =€ ® ey, L =2 u11_2ej®ej,J€[k]
u+.::tlyjui1:61®ej+ej®e1,16{2,3,..., },

1,j
frj :tthl,,-uil =e®e+e®e,i<jE {2,3,...,n}.
Q )2 = —1 with multiplicity "("H) — k and corresponding eigenvectors:
Upn = €n ® en, Jj—t Unn—2ej®epJ€X7

u,:j =tpjipp =€ ® € —e Qe jE[n—1],
u:j = tpjthiunn =€ Qe — € Qe i<je [I‘l— 1].
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Example: spectral decomposition

@ That is, i
VE2 = V), @V,

n

dim Vo = n, dim Vs, = 220 4k, dim vy, = 22 g

Each eigenspace is invariant under the action of gl ,, and the eigenvectors
provide bases of irreducible representations of gl ,, of dimensions

=20 4 dy = 2ot g
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Examples of transitions between basis elements

The action of gl ,, on the basis {uf,}, x,y € [n], is illustrated for gl; ; and gl ;.
The diagrams depict the transitions between the elements of the basis.

Q gly 1, a two-dimensional basis: ¢ € {Sl,gz,b}

€1

@ gly 1, a five-dimensional basis: ¢ € {51,62,53,b1,h2}

<

¢ e 71 f2 €2
1
—>
e ) =L
1
2 €2 €1 T1
=L
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Examples of transitions between basis elements

The action of gl , on the basis {uy, }, x,y € [n], is also depicted schematically for
the special cases gl; ; and gl ; :

Qo gly 1, a two-dimensional basis: ( € {81,82,!)}

1

@ gly 1, a four-dimensional basis: ¢ € {£1,&2,3,b1,h2}

< S
f2 Al i1 % f2
¢ uy uy uy uy, ¢
B2

Investigating the spectral decomposition of the gl) ,-invariant spin-chain Hamiltonian
for N > 2 is a natural application of the present findings.
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The algebra gl ;: irreducible representations

@ For the gly j-invariant #-matrix the sum 1 = >~ # corresponds to the
JEIN-1]
Heisenberg XX model in the presence of an external magnetic field:
1 1 NN
H== Z (oFo%s + JJ.VijH +207) — E(O'f — of,) € End((C?)®M).
JEIN—-1]

Lemma (Highest-weight representations)

Let ¢ : gl; ; — End(V), such that
e, j€{1,2}, h—h, ere ff

If for some ue€ V: gju= Ay, hu=¢&u, fu=0, );, £€C,j ¢ {1,2} and
w = eu, then

ew =0, hw=—-&w, aaw= (A1 — 1w, eow=—(A2—&w, fw=(\&—X\)u.

The proof follows directly from the gl; ; algebraic relations.

A
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@ The non-trivial highest-weight representations of gly, are two-dimensional;
{u, W}, where w = ¢u, is the basis of the corresponding two-dimensional vector

space. ¢ € {e1,£2,h}

= O e I O) =T

@ We next introduce combinatorial bases of irreducible representations of gl ;.

We denote by w(N’P) (C?)®N pe {0, 1,...,N— 1} a linear combination of all

possible permutations of &1 ® ... R &1 ® & ® ... ® ez, such that fw(N’p) 0.

N—p P
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Combinatorial bases

Proposition (Combinatorial bases)

Let w,(,N’p) € (C?)®N pe {0,1,..., N — 1} be such that: fw,(,N’p) =0 (recall ¢, f,

b, &1, & defined earlier). Let also w‘(ﬁ’l’]) = egV:P) , then:

o glw/(N’p)i( /)wNp7 gw(NP 7/( 1)/ 1 NP)
b (N”’):(—l)’ @ 713)7 Ie{p, p+1}, ew(N’P): .

p+1
fw N,p) — (71)pr‘(7N1P).

[4ov))

p+1

N,p) (N,p+1)
° wPH L o1
Proof.

© Equ. in part (1) follow from the structure of the states wSN’p), I e {p, p+ 1};

moreover, ew(+’lp) =0, due to ¢ = 0. The last equation is proven via the gl; ;
relations, in particular [f, ] =&1h— & and fw =0, ( ) ew,(,N’p).
@ Recall the inner product in (C?)®N i.e. for every a, b € (C2)®N the inner

product is (a, b) := at - b, where T, denotes complex conjugation and
transposition. Also, ¢/ = bf (eT = eT). Then,

(N,p) (N,p+1)> ( (N, P) ,(aﬁlp+1)> _ <w,(,N’p), b oM p+1)> 0.

<wp+1 » Wpt1 ¢ @p p+1
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Proposition

Let Vi, p be the two-dimensional vector space with a basis
{w,(,?l"’p"), p_é—,lp, bopi€{0,1,...,N; —1}, i€ {1, 2}, as derived earlier. Then,
Vi ® Vig,pp = Vivp © Vv pi,

where N = Ny + N, and p = p1 + p2.

Proof. Let,
Q@ w,(,N’p) — w(NI»PI) Qw (N27pz) and wf(,’i,lp) — ew,(,N’p).

(N.p+1) . __(N1,p1) (N2,p2) _ NV (N1,p1) (N2,p2)
@ wp+1P . wlelrlpl ®wp22P2 7N7;(,1)P1wp11 P1 ®w pzilpz

(N,p+1) o (Nopt1)

p+2 =tWpr -
We then show that wa,N’q) =0, ge{p, p+1}.
Also, it follows that relations of part (1) of the previous Prop. also hold for
wf,N’p), wl(,/x’lp) and w‘(ﬁ’lpﬂ), w‘(ﬁ’pﬂ) defined in (a) and (b) above.
Thatis, Viy, p; @ Vv, py = Vin,p @ Vi, pi1, Where each Vi 4, g € {p,p+ 1} is a
N,q)’ w(N,q)}.

. . . . (
two-dimensional vector space with a basis {wq G+l
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Combinatorial bases and Young tableaux

@ We denote A F N a partition A = (A1, A2,..., \p) of the positive integer N,
where \; are weakly decreasing positive integers and > A\; = N. The size of X is
i€p]
denoted |A|, and in general |A\| = N.

Definition(Young diagram)

Suppose A = (A1, A2,...,Ap), A= N where p > 1. The Young (or Ferrers) diagram of
shape A is an array of N squares having p rows with row i containing A; squares.

Definition

A filling (or weight) of a Young diagram is any way of putting a positive integer in
each box of the diagram. Let p = (u1, p2, ..., ;) be a filling of a Young diagram.
Each p; is the number of times the integer i appears in the diagram.
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Standard Young tableaux

@ In order for the diagram to be completely filled, it is necessary for |A\| = |u|. It is
possible to fill diagrams arbitrarily; we impose certain restrictions on the filling .
These lead to the definition of a Young tableau.

Definition (Standard Young tableaux)

Suppose A F N. A Young tableau T is obtained by filling in the boxes of the Young
diagram with symbols taken from some alphabet, which is usually required to be a
totally ordered set. A Young tableau of shape ) is called a A-tableau. A Young
tableau is standard if the rows and columns of T are increasing sequences. That is, T
is filled with the numbers 1,2,... N bijectively.

@ We consider the set [n] with the standard ordering
1<2<...k<k+1<...<n. There are various definitions for semi-standard
Young tableaux depending on the variation of the associated Schur functions

[Macdonald].
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We use here the following definition of a semi-standard Young tableau.

A Young tableau is semi-standard if the filling is:

o

2]

weakly increasing across each row and strictly increasing down each column for
numbers {17 2., k}

strictly increasing across each row and weakly increasing down each column for
numbers {k+1,k+2,...,n}.

The SSYT defined above are associated to the hook Schur functions also known
as super-symmetric Schur functions and correspond to representations of the Lie
superalgebra gl(k|m). The hook Schur functions [Berele and Regev] correspond
to the sixth variant of Schur functions considered in [Macdonald].
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SSYT and vector spaces

@ We focus on the algebra gl; ;. In this case the Young tableaux are filled by 1 and
2, and according to the SSYT Definition the only allowed SSYTs are of shape
A=(N-p,1,1,...,1), with two possible fillings: u1 = (N — p, p) and

N——

P
p2 = (N—p—1, p+1). The two-element set of SSYTs of shape
A=(N—-p,1,1,...,1) is denoted SSYT(N, p).

—
P

@ Each one of the two elements in SSYT (N, p) corresponds to an element of the
basis By, = {wl(,N’p), w[()l_\*l_,lp)} of the two-dimensional vector space V) ,. That
is, there is a bijective map between the sets {BN,p} and {SSYT(N7 p)},
pe{0,1,...,N —1}, such that By , — SSYT(N, p).
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SSYT and vector spaces

Specifically,
MR : [ L[] wfﬁ‘f)H [ T-] [e]
[ o] [ o
[ o] [ o]
= = .
(N—p)— boxes (N—p)— boxes

@ The Young tableaux above correspond to the fillings 1 = (N — p, p) and
p2 = (N —p—1, p+1) respectively. The empty boxes in the tableaux are
occupied by 1, whereas the boxes containing a bullet are occupied by 2.
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